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| 7 | . Abstract 

1^ ' Let K he a non- Archimedean local field with the normalized absolute value | • |. It 

. is shown that a "plane wave" f{t + coixi + • • • + a;„x„), where / is a Bruhat-Schwartz 

complex- valued test function on K, {t, xi, . . . , Xn) € K"'~^^, max \ujj\ = 1, satisfies, for 

l<j<n 

any /, a certain homogeneous pseudo-differential equation, an analog of the classical wave 
equation. A theory of the Cauchy problem for this equation is developed. 
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1 INTRODUCTION 

Pseudo-differential equations for complex-valued functions defined on non-Archimedean local 
fields, in particular the field Qp of p-adic numbers, are becoming increasingly important, both in 
view of rich mathematical structures involved in their studies and due to emerging applications; 
see the surveys infUElElElIISlIIlIIS]. 

In most cases, pseudo-differential equations over with the symbols |-P(^i, . . . ,Cn)\p, « > 
0, where P is a polynomial, were studied. The class of elliptic operators correspond to such 
polynomials P that . . . , 7^ for (^i, ... , C,n) 7^ 0. An equation of the Schrodinger type 
is obtained if there is a distinguished variable, say ^1, and . . . ,^„) = ^1 — ^(^2, • • • ,^n) 

where r is a p-adic quadratic form. It has been understood also that analogs of parabolic 
equations are evolution equations with a real time variable and p-adic spatial variables (this is 
connected with probabilistic applications; see [7] and references therein). It seemed natural to 
interpret the case where . . . , = — r(^2, ■ ■ ■ ,^n) with an anisotropic quadratic form 
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r, as the case of hyperbolic equations. However the resuhs available for this case (see are 
quite scant. In particular, no well-posed problems for such equations have been identified. 

In this paper we propose an alternative approach. Instead of a formal resemblance in the 
definition of an equation, we proceed from its properties. Let us call a function u{t, xi, . . . , x„) : 

Qp+^ — s> C a plane wave, if 

U{t, Xi, . . . ,Xn) = fit + UiXi H h UJ„Xn) (1) 

where / belongs to the Bruhat-Schwartz space D(Qp) of test functions, uji,...,u!n G Qp, 
max \ujj\p = 1 (in fact, we will consider not only Qp but arbitrary non- Archimedean local 

l<j<n 

fields; see below). 

We will show that every function (1) is a solution of the equation 

- DTu = (2) 

where D°' is Vladimirov's fractional differentiation operator, that is a pseudo-differential oper- 
ator with the symbol while D"'" is a pseudo-differential operator of n variables with the 
symbol max 1^,1°, a > is an arbitrary number. 

l<j<n ^ 

The equation (2) with n = 1 was mentioned in [15] as an example of the following pathology. 
Consider the equation for a related fundamental solution E: 

D^E - = 6 (3) 

where E belongs to some class of distributions, on which the operators are defined, with the 
usual relations between them and the Fourier transform. Then, performing the Fourier trans- 



form we obtain the contradictory identity |r|" — max |^,|" E{t,^i, . . . = 1 where the 
left-hand side vanishes on the open set 

^ (r, ei, . . . , a) e Q^+^ : |r|p = max 

Therefore the fundamental solution cannot exist, and one cannot expect any reasonable 
behavior of an inhomogeneous equation associated with (2). On the other hand, the set of 
solutions of the one-dimensional equation D^u = Xu is infinite-dimensional (see [THH]). Thus, 
at the first sight, the equation (2) does not look as an evolution equation with the "time" 
variable t. 

Nevertheless, in this paper we prove the existence and uniqueness of solutions for some 
analogs of the Cauchy problem for the equation (2) in the class of radial functions, that is those 
depending (in the variable t) only on \t\p. On this class, the operator becomes a counterpart 
of the Caputo-Dzhrbashyan regularized fractional derivative appearing in fractional evolution 
equations of real analysis (see ^). Moreover, the above connection with plane waves, together 
with the inversion formula for the Radon transform, available in the non- Archimedean case too 

leads to a formula for solutions and an analog of the Huygens principle. 
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2 Preliminaries 



2.1. Local fields. Let K he a non-Archimedean local field, that is a non-discrete totally 
disconnected locally compact topological field. It is well known that K is isomorphic either to 
a finite extension of the field Qp of p-adic numbers (if K has characteristic 0), or to the field 
of formal Laurent series with coefficients from a finite field F^, if has characteristic p 7^ 0; in 
this case q = p'^, z/ G N. For a summary of main notions and results regarding local fields see, 
for example, [7j. 

Any local field is endowed with an absolute value | • |, such that |x| = if and only if x = 0, 
\xy\ = \x\ ■ \y\, \x + y\ < max(|x|, \y\). Denote O = {x G K : \x\ < 1}, P = {x E K : |a;|<l}, 
U = O \ P. O is a subring of K called the ring of integers, P is an ideal in O called the 
prime ideal; the multiplicative group U is called the group of units. The ideal P contains an 
element jS, such that P = (30 (a prime element). The quotient ring 0/P is actually a finite 
field; denote by q its cardinality. We will always assume that the absolute value is normalized, 
that is 1/3 1 = q~^. The normalized absolute value | • | takes the values q'^ , N E Z. 

li K = Qp {p is a prime number), that is a completion of the field Q of rational numbers 
with respect to the absolute value 

\x\p = p^'^ for X = p^ — , 

n 

where v,m,n G Z, and m, n are prime to p, then j3 = p {p is seen as an element of Qp) and 
q = p (as a natural number). 

Returning to a general local field K, denote by 5* C O a complete system of representatives 
of the residue classes from 0/P. Then any nonzero element x E K admits the canonical 
representation in the form of the convergent series 

X = (xo + XiP + X2p^ + ■■■) 

where n G Z, |x| = g", Xj E S, Xq ^ P. For K = Qp, one may take S = {0,1, . . . ,p — 1}. 

The additive group of any local field is self-dual, that is if x is any non-constant complex- 
valued additive character of K, then any other additive character can be written as Xa{x) = 
x(ax), X E K, for some a E K. See [7] for an explicit description of the character x used 
in harmonic analysis on local fields ("the canonical additive character"). In particular, it is 
assumed that x is a rank zero character, that is x{x) = 1 for x E O, while there exists such an 
element Xq E K that |xo| = q and ^(^^o) 7^ 1- 

The above duality is used in the definition of the Fourier transform over K. Denoting by 
dx the Haar measure on the additive group of K (normalized in such a way that the measure 
of O equals 1) we write 

m = j Xix0f{x)dx, iEK, 

K 

where / is a complex- valued function from Li{K). As usual, the Fourier transform 5" can be 
extended from Li{K) fl L2{K) to a unitary operator on L2{K). If 3^f = f E Li{K), we have 
the inversion formula 

f{x) = j xi-xomdt 

K 
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~l~ -^n^n) f {-^ly • • • ) -^n) dXi . . . cLx. 



2.2. Spaces of test functions and distributions. A function / : K ^ C is called 
locally constant, if there exists such an integer / that for any x & K 

f{x + x') = fix), if|a;'|<g-'. 

The smallest number I with this property is called the exponent of local constancy of the 
function /. 

Denote by DiK) the set of all locally constant functions with compact supports. DiK) is 
a vector space over C. In order to furnish it with a topology, consider a subspace C T)iK) 
of functions with supports in the ball 

BN = {xeK: |x|<g^}, n G Z, 

and the exponents of local constancy < /. 

The space is finite-dimensional; thus it has a natural topology induced from C. Then 

we set 

= lim 2)^, 

/— >oo 

and define the topology in DiK) as the inductive limit topology, that is 

DiK) = lim Dn. 

Af— ►oo 

The strong conjugate space D'iK) is called the space of Bruhat-Schwartz distributions. 

The operation of the Fourier transform preserves the space DiK) or !D(K") (this property 
contrasts the Archimedean case). Therefore the Fourier transform of a distribution defined, by 
duality, just as for distributions from §'(M"), acts continuously on D'iK), resp. D'iK^). As in 
the case of M", there exists a well-developed theory of distributions over local fields including 
such topics as convolution, direct product, homogeneous distributions etc. Note in particular 
that a function 9? a > 0, admits an analytic continuation in a to a meromorphic 

distribution 

{\xr-\v) = l\xr'[vix)-m]dx, veDiK), (4) 

K 

3fJa > (see Sect. VIII in [H] for K = Qp. The general case is completely similar). See 
[21 El m [11] for further details. 



Similarly, if / : C, we write 

/(6,---,en) = J XiXlil + 



The inversion formula is then 



/(Xi, ...,Xn) = J Xi-Xiii 
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Below we will often use the subspaces of D{K"'), 

^(K") = G : ij{0) = 0} , 

$(K") = l^e D{K'') : j ip{x) (Tx = 

introduced in [T]. The space is called the Lizorkin space of test functions of the second 

kind; it is a non-Archimedean counterpart of a space of test functions on M" proposed by 
Lizorkin ([10]; see also [H]). The conjugate space is called the Lizorkin space of 

distributions of the second kind. The most important property of these spaces is that the 
Fourier transform 5" is a linear isomorphism from \E'(i^'^) onto ^{K"^), thus also from ^'{K'^) 
onto \E''(i^"). At the same time, 5" can be considered as a linear isomorphism from to 

2.3. Pseudo-differential operators. The simplest and best studied pseudo-differential 
operator, acting on complex-valued functions over K, is the fractional differentiation operator 
D", a > 0, whose deep investigation was initiated by Vladimirov (see [15 )• It is defined as 

(D» (x) = 3^-1 ii^rm^mo] i^), v e d{k). 

Note that does not act on the space ©(fC), since the function ^ i— >■ |^|" is not locally constant. 
We can assert, for example, that : D{K) L2{K), and the closure of this operator is 
self-adjoint on L2{K). On the other hand, : $(K) ^(K) and : ^'{K) ^'(K); see 

Similarly, for x = [xi, . . . ,Xn) G K^, set = max \xj\. The pseudo-differential operator 

l<j<n 

jja,n . 2)(i^'") L2{K^) is given by the expression 

(D<^'» (x) = mn^mm (^), ^ e v{k-). 

We have D"'" : $(ir") ^ <l>(ir") and D"'" : $'(ir") ^ $'(K"). 

An important property of these operators is the possibility to get rid of the Fourier transform 
and represent them as hyper- singular integral operators. For any u G 'D{K), 

(D-u) {x) = ^ I \yr~'[u{^ -y)- u{x)] dy- (5) 

K 

see [Zllll]. The expression in the right-hand side of (5) makes sense for wider classes of functions, 
for example, for all bounded locally constant functions. 
Similarly, if m e ©(iiT"), then 

{D'^^-u) (x) = Y^^^ I \\y\r->{x -y)- u{x)] d-y (6) 

(see [El [Hill]). 
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Lemma 1. If u is a bounded locally constant function on K^, then the distribution D°''"'u G 
^'{K"') coincides with the function (6). 



Proof Let ^ e <l>(ir"). Then 

Let ^ > be so small that u{x) = u{y) and f{x) = ip{y) if ||x — y\\ < 9. Denote 

1 - g° f dy 



Then 



]_ q—a—n J ||y||a+n 

||j/||>e 



^) = , ^ _C„ /" / „ - C„ / u{x)^{x) d-x 



1-g— y^^^)^"^ y ^f^^"^ = (^'^) 

||x-j/||>6l 

where ■?/' is the right-hand side of (6), as desired. ■ 

2.4. The Radon transform. Let ip E T)(K"-), n > 2. The Radon transform <^(^, s) 
where ^ G -ft'"', ^ 7^ 0, s G -ft', is defined by the relation 



s) = y (p{x) du^^s{x) 

(see [3]) where a;^,^ is such a measure on the hyperplane ^-x = s (we write ^-x = + - ■ ■+^na:n 
that for any G 'D(i^'"), 



ds J ■ijj{x) duj^^s{x) = J ijj{x)dx. 

K ^■x=s 

The function (p possesses the following properties. It is homogeneous of degree -1 in C, and 
s, that is (p{a^,as) = \a\~^ip{^, s), for any a E K \ {0}. Next, (p{^,s) = 0, if the expression 
|s| ■ ll^ll"^ is sufficiently large. The function ip is jointly locally constant in C, and s. Finally, 
the integral J ip{^, s) ds does not depend on C,- Note that the above properties of a function 

K 

of C, and s are also sufficient for such a function to be the Radon transform of some function 
if G D(ir"). 

In order to find a connection between the Radon and Fourier transforms (similar to the 
well-known one for the case of M" ) , we write 

^(sO = j V{x)x{s{x ■ 0) d'^x = j dr j ip{x)x{sr) dw^^r{x) = j x{sr)<p{i, r) dr, 

K" K ^■x=r K 



and it follows from the Fourier inversion formula that 

'^i^,r)= / xi-sr)^{s^) ds. (7) 



K 



The inversion formula for the non- Archimedean Radon transform is as follows 

^(^) = (rr^^T)frr^ J {\sr,Hv,s + vx)) d'^v, xeK\ (8) 



hll=i 



where the distribution \s\ "■is understood in the sense of (4). Substituting (4) into (8) and 
comparing with (5) we can write the inversion formula in the following form: 

^-L-^ I {D:-'^{v,s + vx))\^^^d-v. (9) 



i- - q ' 

h\\=i 

The identity (9) can be proved directly, by substituting (7) and calculating the integrals. 
If n = 1, we define the Radon transform by the formula (7). It is easy to check that the 
inversion formula (9) remains valid for this case too, in the form 

Lp{x) = {I - q~^Y^ j (p{r],r]x) drj. 

3 Radial Eigenfunctions 

3.1. L2-soIutions. Let u{x) = ip{\x\) G L2{K), 

D'^u = Xu, A = g"^, iV G Z, (10) 

and u is not identically zero. 

Let us apply the Fourier transform to both sides of (10). We get 

(l^r- 0^(0=0 foralUGir. (11) 

It follows from (11) that the inequality u{^) 7^ is possible only for |,^| = . Since u is a radial 
function, u also possesses this property [T1[T1]. Therefore 



c, if 1^1 = g^- 
0, if 1^1 



^io = {: :z\ ^^o. (12) 



By the Fourier inversion and the well-known integration formula (see [Tl[T3]), we get 

rcg^(l-g-i), if|x|<g-^; 
u{x) = I ~cq^-\ if |x| = g-^+i; (13) 

lo, if\x\>q-^+\ 



It is easily seen from (12) or (13) that u e $(i^). 

The only radial eigenfunction u with u{0) — 1 (an analog of the function t — > e""^*, i e R) 
corresponds to c = g~^(l — q~^)~'^- On the other hand, if u{0) — 0, then c — 0. 

3.2. Generalized solutions. Let us consider solutions u e $'(i^) of the equation (10). It 
is natural to call a distribution u e ^'{K) radial (or spherically symmetric), if, for any cu & K, 
\u;\ — 1, and any (p e ^{K) 

{u,^J) = {u,(p) 

where ipuj{x) = ip{oox). In a similar way, we define a radial distribution from '^'{K). It is easy to 
check that the Fourier transform maps a radial distribution from $'(i^) to a radial distribution 
from "^'{K). 

Proposition 1. If a radial distribution u e ^'{K) satisfies the equation (10), then it coincides, 
for some c e C, with the function (13). 

Proof. By definition of a generalized solution, we have 

(w, D°-ip) = \{u, (p) for any (p e ^{K). 
Writing (p = 3^~'^ip, ip G "^{K), we see that 

(i^» {x) ^ s^^iAicrm) ■ 

The function ^ — > |C|"'?/'(0 belongs to ^(K). Therefore, considering H as an operator from 
^'{K) to ^'{K), we may write 

so that we come to the equality (11) where this time u = e "^'(K), and the multiplication 
by 1^1° — is understood in the distribution sense. Thus, for any ip e ^(i^). 

On the sphere {C^ E K : \ = q^}, I 7^ A^, the set of functions ^-^ (|^|" ^ g"^) 'ipiO runs the 
set of restrictions of all the functions from \l'(i^). Therefore the restriction of the distribution 3^u 
to such a sphere equals zero, so that 3^u is concentrated on the sphere Sn — & K : \^\ — q^}. 

The set of restrictions to Sn of functions from ^{K) coincides with T>{Sn) — lim 'Di{Sn) 

i— »oo 

where D; (Sn) is the set of complex- valued functions on with the exponents of local constancy 
< I. The space 'Di{Sn) is finite-dimensional; its basis can be constructed from the functions 

Sao,(n,...,(JN+i-i{'t) ((^Ojf^ij • • • yO'N+i-i € S", (To ^ P), which equal 1 on elements t G Sn with the 

canonical representations t — /?~^ (ctq -|- aiP H h aN+i-iP^~^''~^) -|-0(/?'), and on all other 

t e Sn- 
Denote 

Ccro,<Ti,...,<Tiv+i-i {■^'^■1 ^ao,a-i,...,aN+l-i'} ■ 

The ratio of any two elements (cxo -|- aiP H h aN+i-iP^~^^~^) belongs to the group of 

units U. The transformation of one of the functions 5ao,ai,...,aN+i+i i^^o another (with the same 
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/) is implemented by the multiplication of the argument by the appropriate ratio. Since 3^u is 
a radial distribution, we find that Co-o,o-i,...,(t^_^,_-^ depends only on /, say 



CfTn .m IT nr I I 



-0-0,0-1, ...,cr]v+i_l W-1 

At the same time 



^ ^ '^'T0,O'l,...,CTjV+i-l,O-JV+i ^0-0,0-1,. . .,Ojv+I-l ) 

whence c'i_-^ = qc'i and = Cq^"', Cg G C. Thus, we have found that 

<^M,5^o,-i,...,^iv+,> =Co?'' (14) 

for all /. 

Meanwhile, the integral 

j ^O-0,Ul,...,(Tj^^i{f) dt 

\t\=qN 

equals g^-(^+0-i = q^^^^ (see Sect. IV in [13]). Together with (14), this shows that the 
restriction of the distribution "Ju to the sphere Sn equals a constant; outside S'at, "S^u equals 0. 
Thus, 3^u has the form (12), so that u coincides with the function (13). ■ 

4 Plane Waves 

Following a classical pattern we call a function 

F(t, X) = /(t + WiXi H VUnXn), (15) 

t E K, (xi,...,x„) G -fT", where IKcJi, . . . ,co'„)|| = 1, / G T){K), a non- Archimedean plane 
wave. 

Proposition 2. For any a > 0, a non-Archimedean plane wave (15) satisfies the equation 

D^F - D^^'^F = 0. (16) 

Proof. Suppose that n > 2 (in the case n = 1 the validity of (16) is checked in a straight- 
forward way). Let us compute D^''^F. By the definition of D^''^F, 



X 



dyi... dyr, 
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Since max|cjj| = 1. wc can choose an index jo in such a way that {ujjqI = 1. Suppose for 

j 

simphcity that |a;i| = 1. Let us perform the change of variables 

n 

Vl = Yl ^^yj' V2 = y2,---,Vn = Vn- 

i=i 

Obviously, max \r]j\ < max|t/j|. On the other hand, 
j j 

yi = — iVl - ^2?72 ^n?7n) , 



whence max \yj\ < meix\r]j\, so that 



max lujl = max \rij\. 



The Jacobian of the transformation {yi, . . . , yn) >—>■ (771, ... , r]n) equals 



Ui U2 ... iOn 

1 ... 







and belongs to U . We have 



max I 



X 



drii... drjn 



1 - g-"-" 



K 



dm 



max It?,! 
i<j<n 



dr]2... dr]„ 



In order to compute the integral over K'^ , we write it in the form 



max Irijl 

l<i<'^ 



dr]2... dr]n ^ h + h, 



h 



|?7i| " "dr]2. . .drjn, 



max \vj\<\vi\ 
2<j<n 
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max |»yj|>|r?i 

2<-j<n 



It is well known (see, for example, [12]) that 



max \rii\=q^ 

2<j<n ■' 



Suppose that \r]i\ = q" , u E Z. Then 

fc=— oo 

1 - 



k=i' k=u ^ 



SO that 



( max^ \r],\\ dri2 . . . dr]„ = ^ _ \t]^ \ 



l-Q-l 



K 



n-l 



1^1 I 



-O-l 



K 



f[t+j2^j^,-vi]-f[t+Yl 
j=i J \ j=i 



d7^, = {DtF) it,x) 



Therefore 

(DrF) {t,x) 

1 -g" 

~ 1 - g-°-i 

which means that F satisfies the equation (16). ■ 

5 Cauchy Problems 

5.1. Applications of the Radon transform. Let (f G D{K^). We will look for a solution 
F{t,x) of the equation (16) satisfying the initial condition 

F{0,x) = ip{x), xGiT", (17) 

or the modified initial condition 

{D'l'^F) (0,x) = (/?(x), X G i^". (18) 

Of course, the conditions (17) and (18) coincide if n = 1. 

Let (^(^, s) be the Radon transform of the initial function tp. Denote 

r(t, x, u) = (p{u, t + u ■ x), t E K, x,u E K"", \\u\\ = 1. 
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Let us consider the functions 



\\u\\=l 



F2{t,x)^{l-q-^)-^ J r{t,x,u)d''u. 



\\u\\=l 

Theorem 1. The functions Fi(t, x) and F2{t, x) are radial in t, jointly locally constant in {t, x), 
bounded solutions of the Cauchy problem (16), (17) and the modified Cauchy problem (16), (18) 
respectively. 

Proof. It follows from the identity (7) that 'f>{i,r) belongs to in r uniformly with 

respect to ^ e X"^, ||^|| = 1 - there exists a compact set in outside which (^(^, •) vanishes, for 
all the above ^, and (^(,^, r + r') = (f>{S,, r) if |r'| < where / does not depend on ^. This means 
that r is locally constant in uniformly with respect to -u G with ||-u|| = 1. In addition, 
r and D"~^r are bounded, uniformly with respect to u. These properties make it possible to 
change the order of integration while D^Fj and D^'" are computed. Then Proposition 2 shows 
that Fi and satisfy the equation (16). The initial conditions are satisfied due to the Radon 
inversion formula (9). 

In order to check that F2{t, x) is radial in we notice that 

^{uji.ujs) = ^{i,s), |a;| = 1, 

by virtue of the homogeneity property of (p. Therefore V{ijjt, x, u) — (fi{u, cut+u-x) — (f{u!~^u, t+ 
{u!~^u) ■ x) = r{t,x,u!~^u), so that 

F2{(jjt, x) = {1 - q-^)-^ j T{t,x,uj-^u)d''u = F2{t,x). 

\\u\\=l 

Since the operator D^~^ commutes with the operator f{t) i— > f{u!t), |a;| = 1, we find also that 
Fi is radial in t. ■ 

Let us study the solution F2{t,x) of the modified Cauchy problem (16), (18) in a little 
greater detail. Using the connection (7) between the Fourier and Radon transforms we get that 



T{t,x,u) d'^u = j x{-st)ds j x{-s{u ■ x))(p{su) d'^u. (19) 

||m||=1 K \\u\\=1 

Next, 

x{-s{u-x))(p{su)d''u = j Lp{y)d''y j x{s{u ■ {y - x))) d'^u. 



\\u\\=l \\u\\=l 
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By the well-known integration formula (see, for example, ^2 

Xis{u ■ iy - x))) d'^u = 



||ji||=i 

so that 



1 - g-. 


if |s| 


■\\y- 


x\\ 


<i; 




if |s| 


■\\y- 


x\\ 


= q; 


0, 


if \s\ 


■\\y- 


x\\ 


> q, 



xi-s{u-x)Msu)ru={l-q--) J v{y)ry-q-- j v{y)d^y. (20) 

||u||=l l|j/-a;'||<|s|-i \\y-x\\=q\s\-'^ 

Proposition 3. Suppose that if{x) = for \\x\\ > , and (f{y) = f{x) if \\y — x\\ < q~^ , 
en. Then F2{t + t',x) =F2{t,x), if\t'\ < q'" , and F2{t,x) = Q for \t\ > q^+\ 

Proof By (19) and (20), 

F2(t, x) = (1 - q-y j xi-st)R{s, x) ds (21) 

where 



K 



R{s,x) = {l-q-^^) I ^{y)d-y-q-- j 



ifiy)ry. (22) 

|jy-a;||<|s|-l ||j/-a;||=g|s|-i 

If |s| > g''+^ then 



R{s,x) = ^{x)l (1-g-") j 
[ \\y\\<\s\-^ 



d^'y - J d^y 

\\y\\=i\s\-^ 

= ^{x)\sr [(1 - - g-" ■ (1 - = 0, 



so that 



F2(t,x) = (1 -g-i)-i J xi-st)Ris,x)ds, 



\s\<g'^ 

which implies the required local constancy in t. 

Let \t\ > q^~^^. Then there exists such an element sq G K, \so\ = that x(sot) 7^ 1. 

If ||x|| < g^, then </)(?/) = for ||y — x|| > g^. Therefore for |s| < g~^ the second summand in 
the right-hand side of (22) equals zero, while the domain of integration in the first summand 
can be fixed as {y G K"' : \\y — x\\ < q^}, if |s| < g~^. Therefore R{s,x) is constant in 
s on the set {s E K : \s\ < q^^}, which implies the equality R{s + So,x) = R{s,x) for all 
the values of s. Making in (21) the change of variables s = s' + sq we come to the identity 
F2{t, x) = x{sot)F2(t, x), which yields the required equality F2{t, x) = 0. ■ 

Note that the local constancy of F2 in t may be interpreted as a counterpart of the finite 
domain of dependence for a classical wave equation: if the initial function ip is such that 
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(p{x) = outside some compact set C C K", then F2{t, x) = foi x E K^^ \ C, at least on some 
neighbourhood of the origin t — 0. Meanwhile, the fact that F2{t,x) vanishes, as \t\ becomes 
big enough (for a given resembles the Huygens principle, the existence of the trailing edge 
of a wave. 

5.2. A uniqueness theorem. Here we consider the uniqueness problem in the class of 
generalized solutions, radial in t. 

Denote by $'(7^, the set of distributions over the test function space ^{K), with 

values in ^'{K"'). 

Theorem 2. Let F G ^'{K, $'(A'"')) be a generalized solution of the equation (16), that is 

((F,D,v),<^2) = ((F,<^i),i^:>2) 

for any </7i e <^{K), (/?2 e If F is radial in t, then F e T>{K,^'{K'^)). If, in addition, 

F{0,x) = or (£>r^^) (0,2;) = 0, then F{t,x) = 0. 

Proof. Denote by F(t, ■) the Fourier transform of F in the variable x; as usual, we abuse the 
notation slightly, writing a distribution in the variable t as a function of t. For any ip e "i/^K"-) 
we have _ _ 

D^{Fit,.u)^{urFit,o,m)- 

If supp V C 5jv = G iT" : IICII = g^}, iV e N, then 

By Proposition 1, the function {F{t, •),^) has the form (13) with t substituted for x and 
some c e C. If e ^(X"), then is a sum of a finite number of functions supported on spheres 
Sn- Taking, in particular, = ^p, & $(ir"), we find that {F{t, •), </?) belongs to I'(i^) in the 
variable t, for any ip G $(7^"). 

If -F(0, •) = 0, then also -F(0, ■) = 0. \i ip E \E'(-ft'"), supp-?/' C S'jv, then, as we have seen, 
F{t,-),ilj^ has the form (13), and the assumption F{Q,-) = implies the equality c = 0, 

whence (^F{t, ■),ip^ — 0, and F(t, ■) = (since ip and are arbitrary), and F(t. •) = 0. 

Next, if a function u(t) has a form (13), then its Fourier transform has a form (12), and it 
is easy to find {D"-~^u) (t): 

( c(l - ?-^)?^", if \t\ < g-^; 
{D'^-^u) (t) = I -cq^--\ if \t\ = q-''+^; 

[o, if \t\ > q-^+\ 

Repeating the above arguments, we find that the equality {D"-~^F) {0,x)) implies F{t,x) = 
0. ■ 

It follows from Lemma 1 that bounded locally constant solutions of the equation (16) are 
generahzed solutions of the class considered in Theorem 2. Therefore the solutions of the 
Cauchy problems constructed in Theorem 1 are unique in the class of radial in t, bounded 
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locally constant functions. It is natural to see such solutions as classical solutions of the non- 
Archimedean wave equation (16). 

5.3. Representation of solutions. Suppose that G ^{K"'). We will look for a solution 
belonging to ^{K) and radial in t, for each x G K'^\ and belonging to ^{K"') in x, for each 
t & K. In this framework, we may use the Fourier transform, only we should not forget to 
check that the resulting solution indeed satisfies the above requirements. 

Let us consider the modified Cauchy problem (16), (18). Suppose that n > 2. Performing 
the Fourier transform in x we come to the problem 



Dr'F,)io,o^m- (24) 



As we have seen. 



[O, ii\t\>qUr\ 

where c(^) G C, c(0) = 0; note that for ^ = it follows from (23) that ^2(^,0) is a constant 
which must equal zero by our assumption that F2 G ^{K) in t. 

Computing D^~^F2 as above (see the proof of Theorem 2) we find that 

[o, if |^|>g||e||-^ 

We find from the initial condition (24) that c(^) = (1 — ?~^)~^||^||~"^^(0) come to the 
expression 

F2{t,o-mr^'m)m m 

where 

{1, if Ikll < 1; 
if|kll=g; 
0, if ||2;|| > q. 

Since (p G ^(i^T"), it vanishes on a neighbourhood of the origin, and it follows from (25) 
that F2 G ^(i^:™) in ^, so that F2 G $(i^") in x. In addition, F2,F2 G D{K) in t, uniformly 
with respect to x (in the sense of support and local constancy), which permits to interchange 
operations in different variables. On the other hand, calculating the Fourier transforms we 
obtain from (25) the following representation of the solution ^2(^,0;): 

F2{t,x)^{A*Bt*ip){x) (26) 
where the convolution is taken with respect to x, A(x) = — Z]~lkll~^' Bt{x) = \t\~'^b{t~^x), 

f^, if||Cll< 

Ho- 




ld 



The representation (26) makes it possible, for example, to investigate the dependence i— >■ 
F2{t, ■) with respect to the L;^-norms (for a fixed t G K), 1 < x < oo. 
Note that 

||5i|U,(i^") = Itr^y 0{t~'x)\rx= J \Mx)\rx, 
and the Young inequality, together with the commutativity of convolution, gives 

||F2(t,-)IU. <cp*^IU^ 

where C does not depend on t. Applying a result regarding the Riesz potentials from [12], we 

Tl 

find that for 1 < x < , 

n — 1 

\\F2{t,-)\\L,<C'\ML^ 

where A = -, and C does not depend on t. 

n — H[n — 1) 

For the Cauchy problem (16), (17) (including the case = 1), we have -Fi(t, x) = {Bt * ip) (x), 
so that 

||Fi(t,-)IU. <c^lbllL., 

for any x G (1, oo), with a constant C independent of t. 
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